In the recent years, information theory of quantum-mechanical systems have aroused the interest of many Theoretical Physicist. This due to the fact that it provides a deeper insight into the internal structure of the systems. Also, It is the strongest support of the modern quantum computation and information, which is basic for numerous technological developments. This study report the any ℓ−state solution of the radial Schrödinger equation with the Mie-type ring shaped diatomic molecular potential. Rotational-vibration of some few selected diatomic molecules are given. The probability distribution density of the system which gives the probability density for observing the electron in the state characterized by the quantum numbers (n, l, m) in the Mie-type ring shaped diatomic molecular potential is obtained. Finally, we analyze this distribution via a complementary information measures of a probability distribution called as the Fisher's information entropy.
in those noncentral potentials. In quantum chemistry and nuclear physics, these noncentral potentials are use in the descriptions of ring-shaped molecules like benzene and the interactions between deformed pair of nuclei. This study started with the pioneering work of Hartmann [1, 2, 3] and Makarov et al [4] on ring-shaped potentials.
Because of its applications in quantum chemistry and nuclear physics, numerous studies have been reported in the recent years. Quesne proposed a ring-shaped potential in which the Coulomb part of the Hartmann potential was replaced by a harmonic oscillator term. In addition, the dynamical invariance algebra and accidental degeneracy have been carried out for this new model potential [5] . Recently, Chen and Dong found a new ring-shaped (noncentral) potential and obtained the exact solution of the Schrödinger for the Coulomb potential plus this new ring shaped potential [6] . Shortly thereafter, Ikhdair and Sever [7] , proposed a new non-central potential. They obtained the energy eigenvalues and eigenfunctions of the bound-states for the Schrödinger equation in D-dimensions for the potential via the Nikiforov-Uvarov method.
Cheng and Dai [8] , proposed a new potential consisting of a modified Kratzers potential [9] plus the new proposed ring-shaped potential in [6] .
Furthermore, the Schrödinger equation with noncentral electric dipole ring-shaped potential have been investigated by working in a complete square integrable basis that supports an infinite tridiagonal matrix representation of the wave operator [10] . Very recently, Falaye obtained the solutions of three dimensional Klein-Gordon equation for the spherically and nonspherically harmonic oscillatory ring-shaped potentials within the framework of asymptotic iteration method [11] . These contributions were achieved by solving the Schrödinger equation through separating the variables in spherical, parabolic or other orthogonal curvilinear coordinate systems. Few of the approaches which have been employed in solving this problems include the asymptotic iteration method (AIM) [11] - [33] , Feynman integral formalism [34, 35, 36] , functional analysis approach [37, 38, 19, 40, 41, 42] , exact quantization rule method [43, 44, 45, 46, 47, 48] , proper quantization rule [49, 50] , Nikiforov-Uvarov (NU) method [51, 52, 53, 54, 55, 56, 57, 58, 59] , supersymetric quantum mechanics [60] - [75] , etc. However, the information-theoretic quantities remain to be computed. This may be due to lack of knowledge in the information-theoretic properties of special functions. It is therefore the priority purpose of the present work to find the bound state solution of Mie-type ring shaped diatomic molecular potential and then to obtain the information-theoretic measures for this potential via the Fisher's information entropy.
Shannon entropy (S) and the Fisher's information measure (F) of the probability distributions are becoming increasingly important tools of scientific analysis in a variety of disciplines of scientific inquiry [76, 78] . For instance, the Frieden extreme physical information principle uses the Fisher's information measure to derive important laws of chemistry and physics, such as the equations of the nonrelativistic quantum mechanics or relevant results in density functional theory. Jaynes maximum entropy principle, which utilizes S, provides a method for constructing the whole of statistical thermodynamics which has led to a large variety of applications centered around S. There has been several worthy attempt in applying the two probability distribution functions in physics and related areas [76, 77, 78, 79, 80, 81, 82, 83] . These implies that both S and F can be used as complementary tools to describe the information behavior, pattern, or complexity of physical systems and the electronic processes involving them [76] .
The F controls the localization of the density around its nodes [84] . In this sense, it is also a measure of the oscillatory degree of the wavefunction. Further, the F has been shown to be closely related to some density functionals describing physical and chemical observables [84, 85] .
In particular, it describes the Weiszäcker energy functional of atomic and molecular systems [84, 85, 86] and it has an intimate connection with the kinetic energy [87] . Recently, Romera and Dehesa [88] used the F to analyze some correlation properties of many-electron systems, to characterize the so-called avoided crossings of atomic systems in external electric and magnetic fields, and to derive the uncertainty relation of CramerRao type.
For rank-2 density matrices and operators with zero diagonal elements in the eigenbasis of the density matrix, Toth and Petz prove analytically that the quantum Fisher's information is four times the convex roof of the variance. Strong numerical evidence suggests that this statement is true even for operators with nonzero diagonal elements or density matrices with a rank larger than 2 [89] . Polettini and Esposito describe a general method based on the Fisher's information matrix to discriminate between generators that do and don't admit nonconvex solutions. The initial conditions leading to concave transients are shown to be extremely fine-tuned, by their method they are able to select nonconvex initial conditions that are arbitrarily close to the steady state [90] .
The schematic presentation of our research is as follows: In the next section, we obtain the any ℓ−state solution of the radial Schrödinger equation with the Mie-type ring shaped diatomic molecular potential. The probability distribution density of the system is also calculated. In section 3, The information-theoretic measures for the Mie-type ring shaped diatomic molecular potential is presented. Numerical discussion are given in section 4 and we give brief conclusion in section 5.
2 Any ℓ−state solution of the radial Schrödinger equation with the Mie-type ring shaped diatomic molecular potential
The ring shaped Mie-type potential which we examine in this study can be defined as:
where the parameter D e determines the interaction energy between two atoms in a solid at r = r e , r e is the molecular bond length and η is positive real constants. We find that this potential reduces to the Mie-type potential in the limiting case of η = 0. By taking j = 2k and further setting k = 1, the potential reduces to the ring shaped Kratzer-Fues potential which is formed from combination of Kratzer-Fues [91, 92, 93, 94, 95] and the angular potential. On the other hand, another form of the potential, called as the ring modified Kratzer potential can be obtained by adding parameter D e to the radial part of the formal. Since our interest is in these two potentials 5 , we therefore consider a general form of the potential as:
The shape of the two potentials of interest are display in figures (1) and (2). Our aim in this section is to derive the energy spectrum for a moving charged particle in the presence of a potential given by the above equation (2) analytically in a very simple way. Thus, we begin by writing Schrödinger equation in spherical polar coordinates for a particle in the presence of a potential V (r, θ) as:
5 ring shaped Kratzer-Fues potential and ring shaped modified Kratzer potential
being the reduced mass, n denotes the radial quantum number (n and ℓ are named as the vibration-rotation quantum numbers in molecular chemistry), r is the internuclear separation, E nℓ is the exact bound state energy eigenvalues, V (r, θ) is the internuclear potential energy function and Ψ nℓm (r, θ, ϕ) denotes the total wave function which is defined
On substituting this wave function into equation (3) and then considering potential (1), we obtain the following two ordinary differential equations; one for the radial part and the other for the angular part
respectively. For Ψ nℓm (r, θ, ϕ) to be finite everywhere, R nℓ (r) must vanish at r = 0, that is,
is a real function. Therefore, the solution for the radial part of the equation can be easily found in terms of degenerate hypergeometric function as
and the desired bound-state satisfying the boundary conditions can also be found as
Let us now obtain solution to the angular part of the problem. To perform this task we consider equation (4b) and then introduce a new transformation of the form ̺ = cos θ ∈ (1, −1) which maintained the finiteness of the transformed wavefunctions on the boundary conditions. Thus
The solution to the above equation can be found in terms of the Gegenbauer polynomials 6 C m n (t), which can be referred to as generalization of the Legendre polynomials as: and with the relation Table 1 : Spectroscopic parameters and reduced masses for some diatomic molecules composed of a first-row transition metal and main-group elements (H-F). Therefore, our final energy levels and eigenfunctions for a real bound charged particle in a Mie field potential plus a combination of non-central potentials can be written as:
and
The above equation (11) is normalizable and, thus the normalization constant N nℓ M ℓm can be found by using the following integral formula [97, 111, 112 ]
through which we found where we have utilized the following standard integrals
and also we have introduce parameters ς and γ in order to avoid mathematical complexity. This The variation of the energy state ring shaped Kratzer-Fuels as a function of the the equilibrium intermolecular separation r e parameters are defined as follows:
The probability distribution density of this system which gives the probability density for observing the electron in the state characterized by the quantum numbers (n, l, m) is given by
3 Information-theoretic measures for the Mie-type ring shaped diatomic molecular potential
In this section, the probability distributions which characterize the quantum-mechanical states of the Mie-type ring shaped diatomic molecular potential are analyzed by means of a comple- [105, 106] . This provides the main theoretic tool of the extreme physical information principle and a general variational principle which allows one to derive numerous fundamental equations of physics such as: The Maxwell equations, the Einstein field equations, the Dirac and Klein-Gordon equations, various laws of statistical physics and some laws governing nearly incompressible turbulent fluid flows [107, 108, 109, 110] . This probability distribution which is a gradient functional of their quantum mechanical probability density, is defined as
where the gradient operator in polar coordinates is given by∇ = 
In order to avoid mathematical complexity, the above integral can be splited into two parts, say I θ for the first part and I r for the second part. Thus for the first part, the differential of the probability density for observing the electron with respect to θ can be found as
where we have used a relations of Gegenbauer polynomials which we derive as Thus with equation (19), we can write the first part of the integral as
In order to solve the integral (21), we decompose it into sum of three integrals says I θ1 , I θ2 and I θ3 , such that I θ (ρ) = I θ1 + I θ2 + I θ3 . Thus, by making a variable transformation of the form x = cos θ, I θ1 can be calculated as
where we have used standard integral (14) and [97, 111, 112] 1 −1 Also, I θ2 can be calculated as
And finally, I θ3 reads
2 (2ñ + 4ζ + 1)(4ζ +ñ)(2ζ +ñ) ζ(4ζ +ñ − 1)(n + γ + 1)(n + 2γ + 1)
,
where we have used the following properties of the Gegenbauer polynomials
By combining I θ1 , I θ2 and I θ3 calculated values, we find that
Again, for the second part of the integral(I r ), the differential of the probability density for observing the electron with respect to r can be found as
where relations of the associated Laguerre functions
n−1 (x) have been used. Thus by putting equation (28) 
and then decompose the resulting integral into sum of five integrals; such that we can write I r (ρ) = I r 1 + I r 2 + I r 3 + I r 4 + I r 5 .
Thus the integrals can be calculated as follows:
1. For I r 1
where we have utilized the following standard integral and ladder relationship of the Laguerre polynomials for the product r L 2γ+2 n−1 (2ςr) :
2. For I r 2
where we have we have used the following standard integral [97, 111, 112] .
3. For I r 3
where we have used standard integral of the form (32).
For
where we have used standard integral of the form (14).
5. For I r 5
where we have used standard integral of the form (32) .
By combining the values of I r 1 , I r 2 , I r 3 , I r 4 , I r 5 , the Fisher's information for the radial part can be found as
By putting together the calculated values for I θ (ρ) and I r (ρ) the probability distributions which characterize the quantum-mechanical states of the Mie-type ring shaped diatomic molecular potential can be obtain via I θ (ρ) + I r (ρ).
Results and Conclusion
In Table 1 , we present spectroscopic constant which are taken from the recent literature [21] .
The authors of ref.
[21] obtained nonrelativistic energy spectrum for this molecules interacting through the shifted Deng-Fan potential. Furthermore, they obtained thermodynamic properties such as, the vibrational mean U, specific heat C, Free energy F and entropy S in the classical limit for these molecules interacting through the shifted Deng-Fan potential. Moreover, some other interesting works [113, 114, 115, 116, 117, 118] have also applied these molecules. The increasing interest for using these molecules is nothing but for the purposes which they serve in various aspect of physical, chemical and related studies [119, 120, 121, 122] . The first column of the table consist of the first-row transition metal hydrides.
Transition metal hydrides are chemical compounds containing a transition metal bonded to hydrogen. Most transition metals form hydride complexes and some are significant in various catalytic, synthetic reactions and in solid matrix samples for infrared spectroscopic study [119] .
On the other hand, the next in the list; the transition metal carbide molecules such as TiC and NiC, represent a very active area of findings [119, 123, 124] . This is due to the desire for a Furthermore, diatomic scandium nitride molecule ScN has excellent physical properties of high temperature stability as well as electronic transport properties, which are typical of transition metal nitride [119, 125] . The scandium fluoride molecule ScF is the best studied transition metal halide and it has been fairly well characterized [119, 126] . Diatomic molecules which consist of transition metal and main group elements are challenging theoretically and computationally, but recent advancements in computational methods have made such molecules more accessible to investigations.
The last in our list, is the diatomic molecule which consist of the transition metal element copper (Cu) and the main group element lithium (Li), which elucidates the nature of the bonding in mixed transition metal lithides [119, 127] . All their spectroscopic parameters have been accurately determined by using ab-initio calculations [119] . For complete list of the parameters presented in Table 1 , see Ref. [121] . In this study, we computed the energy states for these selected diatomic molecules (via the interaction of Mie-type with the noncentral potential) for various vibrational n and rotational 7 ℓ. The results are presented in Tables 2 and 3 . We have employed the following conversion 1amu = 931.494028MeV /c 2 andhc = 1973.29eVÅ [114, 115, 116] throughout our computations.
In Tables 2 and 3 The probability distribution density of the system which gives the probability density for observing the electron in the state characterized by the quantum numbers (n, l, m) in the Mie- 
